An iterativ e m ethod outlined b y G reen & Southw ell (1944), b u t n o t ap p lied in th e ir p a p e r for th e reason th a t it m akes no use of 'relax atio n m e th o d s', is here applied to d eterm in e th e supersonic regime for gas flowing irro tatio n ally th ro u g h a conv erg en t-d iv erg en t nozzle, i.e. th a t (unique) regime in w hich th e pressure a n d d en sity o f th e gas decrease co n tin u o u sly in its passage from end to end.
On the flow of gas through a nozzle with velocities exceeding the speed of sound I n t r o d u c t i o n 1.
Osborne Reynolds (1886) showed th at the discharge of gas through a conver gent-divergent nozzle cannot exceed a certain limiting value, dependent on the starting conditions, however far the back-pressure is reduced. His treatm ent disregarded the effects of curvature of the stream-lines, assuming the velocity to be uniform in any section. On that understanding the limiting mass flow is attained when in the smallest section (or 'th ro a t') the gas has a velocity equal to the local speed of sound.
In these circumstances (as was shown by Reynolds) either of two regimes can occur in sections downstream of the throat: either (a) after attaining its maximum expan sion at the throat the gas may again contract (with increase of pressure) as it passes to the exit section, or (6) it may continue to expand, with a further decrease of pressure. No regime is possible of a type intermediate between (a) and (6), and accordingly it may be conjectured (by analogy with the theory of equilibrium of mechanical systems) that one or other of these two regimes is unstable.
2.
When an attem pt is made to improve the theory,by a treatm ent which makes allowance for curvature of stream-lines, even in the case of laminar (two-dimen sional) flow the problem is very difficult. Taylor & Sharman (1928) avoided its purely mathematical difficulties by having recourse to an electrical analogue-the flow of current m a conducting layer of varying thickness. By this means they could determine flow patterns so long as these entailed no velocity as great as the local speed of sound; but at that limit the method failed and its results became divergent thus giving further indication of some form of instability.
[ 38 ]
Similar experience was reported in a recent paper (Green & Southwell 1944 ) which attacked the same (two-dimensional) problem by 'relaxation m ethods'. A technique devised for other problems (' liquidation ' of residual errors by a use of 'relaxation pattern s' appropriate to a regular net) proved successful as applied to flows involving no velocity above the local speed of sound; bu t it too broke down as the mass flow approached its limiting value ( § 1), in a manner again suggestive of some latent instability.
3.
Now a regime th a t is unstable may yet be discoverable by calculation, as is shown (e.g.) in the theory of compression members' (struts) and of * free ' stream lines; bu t it is not to be expected th a t it will be revealed by tentative methods such as are described in §2, because disturbances are implied in any inexact solution. For this reason Green & Southwell, in § §11-12 and 22-24 of their paper, outlined an alternative (non-relaxational) method, ,of iterative type, which should serve to determine the supersonic as well as subsonic regimes. They did not proceed to results, as inappropriate to a paper concerned with relaxation methods. This paper uses their alternative method to compute the supersonic flow pattern for a closely similar f shape of nozzle, also a limiting subsonic pattern in extension of their results. The work was done in part before, but for the most part after, Dr Green's departure for Australia. W ith one or two exceptions (which are ex plained) it confirms his results, and it completes his partial (i.e. subsonic) solution; b u t it leads to two additional and im portant conclusions, viz.
(1) th a t two limiting values of the mas § flow in fact replace the single value given by Reynolds's less exact analysis: one is the upper limit under conditions which are subsonic both upstream and downstream of the ' throat '; the other is th a t value for which supersonic velocities occur a t all downstream sections. The second value is about 0-045 % higher than the first, which Reynolds's theory overestimates by some 0-083 %.
(2) th a t a t the lower value, while the velocity is subsonic both upstream and downstream, it is supersonic in two localized regions adjoining the walls at the throat.
The paper is confined strictly to computational aspects of the problem, being intended simply as a supplement to Green & Southwell (1944) . Discussion of the physical bearing of the work is reserved for a subsequent paper, and on th at account no reference is made to previous work other than th at of Taylor & Sharman (1928) .
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I . O u t l i n e o f t h e i t e r a t i v e ( ' s t r i p i n t e g r a t i o n ') m e t h o d 4.
In the earlier paper (Green & Southwell 1944) the gas was assumed to start from rest in a reservoir where its pressure is and its density p0, and to move without rotation through a nozzle having the shape defined in figure 1 and a size defined by its throat width 2T; the position of any point in the field of flow was defined by 'non-dimensional' (i.e. purely numerical) co-ordinates x and y, these standing for its true (Cartesian) co-ordinates expressed as multiples of T \ and the total mass flow through the nozzle was denoted by 2 . By conformal transformation of the field of flow into a rectangle ( § § 6-8*)f a new system of numerical co-ordinates a, (i was devised such that /? = 0 on the centre-line, /? = const. = (say) at the nozzle wall on the side of y positive (figures 2) $.
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On this understanding, Mxjr standing for the 'mass-flow function' (so th a t \Jr is purely numerical), ^ has to satisfy the boundary conditions 
and x~2 = P denotes the local density expressed as a multiple of p0; (13)* and in (3) i.e. h is the modulus of the conformal transformation. The quantity
* where a0 stands for the velocity of sound in the gas a t starting, so th a t «o = r P o•
With this notation (differing from th a t of the earlier paper in th a t the dashes there used to distinguish 'non-dimensional' quantities are here suppressed) the component velocities at any point in the fluid are u and v wherê = /t*2¥ ' ( 2 ) * > ( 1 3 ) * (8> therefore i.e., by (5) and (6), p2q2 = + j (22)* (9) when q denotes the local velocity of the gas expressed as a multiple of a0. Equation (3) can now be written in the form
the form of F being calculable from the properties of the gas. Figure 3 shows pq and q( = X2PQ) plotted against ■% , for air as perature 15° C and pressure 100 lb./sq. in. (absolute). I t was plotted from the relation pY = sx* (i-; r 0'8), (23)* (io) which in § 10* was derived, for these starting conditions, on the assumption th a t air can be treated as a perfect gas (y = 1*4), and which on th a t understanding may be used in place of (3).
5. The reason for the introduction of conformal transformation was th a t by u s i n g a and as independent variables, in place of x and y, the boundary is transformed into a rectangle, consequently relaxation can be effected on a square net (figure 26) having all its meshes complete, i.e. with no 'irregular stars'. The cost of this simpli fication is the labour entailed in the determination of of which the values a t nodal points must be known with accuracy in order th a t ^-values may be accurately determinable from (9) and (10). Three-figure accuracy was claimed ( §15*) for Green s computed values, and in his figure 7 was recorded to five figures, which it was claimed (cf. footnote to § 15*) satisfy to this accuracy the requirement th a t log 6 must be plane-harmonic. We shall show ( §11) th a t his claims are not entirely justified, but it should be emphasized th a t the fact had no importance in his subsonic investigations, for which three-figure accuracy in h was sufficient.
6.
This paper does not make use of relaxation methods, b u t of the iterative (' strip integration') method which was devised (cf. §19*) to meet the failure of those methods as applied to the supersonic regime. We now summarize § §11-12* and 22-24*.
Multiplied through by y, equation (2) can be pu t into the form ( 3 7 > * (11)
Flow of gas with velocities exceeding the speed of sound 43
Figure 3 Now we may expect th a t contours of ijr, in the x-y plane, will approximate closely to contours of /?; and this means th a t the /^-differentials of r/r will predominate in (11), so th at without serious error we may suppress the a-differentials to obtain
(24)*
Equally dxjrjdp will predominate over dfjda in the expression (9), so th a t without serious error we may suppress the a-differential to obtain M p -= pq (25)* (13) (Here, in fact, the error is of second order when (12) and (13), we have approximately For our assumed starting conditions, in virtue of (10), (14) may be replaced by I t should be remarked th a t the range of q is always limited. Thus according to (17).
7.
For every a-line of the rectangular field ( §5) we have (when the conformal transformation has been effected) a known distribution of h. Therefore, for any assumed value A ps uch th a t A ph does not fall outside the range of we ca the distribution of q and thence, using (17), o f * Then, evaluating the definite in tegral in the second of (16) and inserting the assumed value of A p, we have a cor responding value for p, so can construct a curve of the type of figure 4. p = 0 at both ends of the range of A p, and it has a maximum value (pmax say) a t some inter mediate point.
8.
All of this has been based on the assumption ( § 6) th a t the exact equation (11) may be replaced by the first of *(12). For closer approximation, let the solution found as above Xl, say) be substituted on the right of (11), and let a second approximation (say, i/r2, y2) be found from the resulting equation
where, by the second of (12)
Applied to (15), the boundary condition (1) gives i.e.
A ph = q=* pqX 2 = " AT0'8)}, 
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Thereby we obtain, in place of the second of (12),
X^^A -F A / j ) , (38)* (19)
A as before denoting a constant of integration, and where
is calculable. The expression (13) holds as , and on eliminating \Jr between it and (19) we have, in place of (14), Also from (19) we have, in place of (15),
and hence, in place of the second of (16),
The procedure of § 7 is now no longer applicable, because q is not determinable from (21) unless ph as well as A/ih is known. B ut our first approximation was derived on an assumption which makes F(/3) small, and on th a t account the new value of H which corresponds with any assumed value of A will differ but little from fix, its value according to the first approximation: hence we may with sufficient accuracy replace (21) and the second of (22) by
and by p = X idfl-X~ and then (fix and Fx{ft) being known) the construction of figure 4 can proceed as before. For our assumed starting conditions, i.e. when (10) is satisfied, the first of (22) becomes
and the second of (22) becomes 1 q being given by the first of (23). (24) Application of the iterative method to determine the supersonic regime
9.
When the supersonic regime is in question, fi must be given its limiting value /*crit.' l°r which Osborne Reynolds's treatm ent yields the approximation (5/6)3 = 0-578,704 ( § 10*).
For reasons stated in § 24* it is of great importance th a t this value (which is not known in advance) be estimated closely, and clearly, for th a t purpose, similar accuracy is needed in the evaluation of h. Whereas three-figure accuracy sufficed ( § 5) for Green's investigation of speeds below the speed of sound, here we shall need the five-figure accuracy which was claimed for the values recorded in his figure 7 c*.
The method used to obtain those values was indicated in a footnote to §15*. Having effected the conformal transformation ( § 5) and deduced three-figure values of h by means of (6), Green accepted these values as having five-figure accuracy on the boundary (/? = fif), and deduced for every internal point a corresponding value of log ft, which is plane-harmonic. The underlying idea was th a t these values, although they might not correspond (to five-figure accuracy) with the form of nozzle shown in figure 1 , would nevertheless imply a form so near as to be identical within the limits of accuracy that are attainable in ; and on this account no attem pt was made to determine the exact form th a t they implied.
This was sound procedure as concerned the computation of subsonic flow patterns, but something more is needed when (as in this paper) we wish to compare with Reynolds's estimate the value given by our iterative method for the critical mass flow. The distribution of h 11. Here again our accuracy will depend on the accuracy of the accepted ^-values. Therefore we are obliged to notice one or two slight errors in Green's figure 7 c*, which would give trouble in a computation of the supersonic regime, although for his purpose they are unimportant.
The boundary values which Green assumed for h ( §9) do not (to five-figure accuracy) vary smoothly in every part of the nozzle wall: by what must have been a slip in computation, a value 100,800 was there given to a t a point where 100,000 is indicated by a plotting of h against a , and thus a duced. This, of course, entailed consequential errors in neighbouring A-values as determined by the requirement th a t log h must be plane-harmonic.
Having reason (cf. § 2) to believe th at the supersonic regime is in fact unstable; we sought to avoid all features in the assumed shape of nozzle which might militate against the finding of this-regime by computation, and accordingly we decided not to retain Green's shape exactly, but to modify his assumed ^-values by a preliminary smoothing process before proceeding to deduce internal values from the considera tion th at log h is plane-harmonic. Figures 5 record the resulting A-values, which compare with those of his figure 7 c*. To the extent th at they are different, they obviously relate to a different form of nozzle; and the problem is thus presented, of determining this new form.
The nozzle shape

The conformal transformation determines + as a function of x + iy, and it therefore follows (in the theory of functions of a complex variable) th at the differential coefficient d(a + i/3)/d(x + iy) is a function of either. Moreover,
where h is the quantity defined in (6) of § 4, and where measured counter-clockwise from the direction of x ,is the angle made with th at direction by the contou so that 0 = coseI + sin fll ' h=Ts = coaery-siiieu- (ai) 
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L. Fox and R. V. Southwell Accordingly heid, and therefore (\ogh + id), are functions of x + iy and of ot + ij3.
and from these relations, given log/t, we can determine 6 (its conjugate) by the methods of P art V (Gandy & Southwell 1940). Then, finally, x and y may be deduced by integration from dx dy cos 0 dx dy sin 0 which are consequences of (i) and (ii). (Where 6 is small, so th a t cos#= 1, the first of (28) implies th a t â s assumed in § 10.) T he form of nozzle thus derived from the ^-values recorded in figures 5 is practic ally indistinguishable from Green's form (figure 1). To fix the value of T/T, L.F. rfii computed the integral I h~x dfi ( § 10) for three sections close to the section marked oj 'th ro a t' in figures 2. Table 1 records his results, from which, by normal methods of interpolation, it was deduced (i) th a t a = 28-56 x 104 for the true throat section, where T/T as given by (26) has its minimum value; (ii) th a t this minimum value is 1-00189. 
II. R e s u l t s o f c o m p u t a t i o n b y t h e i t e r a t i v e m e t h o d
13. W ith ^.-values as recorded in figures 5, computations on the lines of § §6-8 were made (again, by L.F. with assistance from Miss Gillian Vaisey) to determine the value of /ierlt. The means to this determination were outlined in § 24* of the earlier paper, which we now summarize.
For every ' section ' (i.e. contour of a in figure 56), the iterative method can be used to construct a curve of the type of figure 4, in which /i ranges from 0 to some maxi mum value /hnax.-Only values less than /4max are admissible, and so (since in any possible regime fi will have the same value for every ' section ') the wanted (limiting) value of /f is the least /imax which is discoverable. Clearly it will be the /im&x for some section near the throat, but it is not certain th at this section will be one of those th a t we investigate. However, having values of /*max for three or four values of a near the throat, it is an easy m atter to deduce (by customary interpolation methods) the a-value for which ju,max has its minimum value, and thence to compute this minimum. Then, accepting the computed value and reverting to the curves (of type figure 4) which have been constructed for other sections, it is again an easy m atter to deduce for each of them a value of A ( § 6), and with this to compute rjr for the relevant section from (15).
Two such values of A will be admissible, according as we are concerned with a regime of the type of (a) or (6), § 1, i.e. with a subsonic or supersonic regime. Thus in figure 4 (on its scale of A/i) He then proceeded to a second and third approximation in the manner of § 8. Giving to p his first approximation (i) to /tcrlt , he deduced second approximations to ijr and to x for the five central sections, and thence F(/S) for the three sections; then (giving to p x, in (24), the same value 0*579,60) he could obtain new estimates of /^max for the three central sections, as recorded in the last line of table 2. From these a second approximation to the critical mass flow could be deduced as before, viz.
Pent. = 0*579,32.
The whole process was then repeated with this new value 0*579,32, instead of 0*579,60, given to p and to p x. No change resulted in the accordingly (30) was accepted.
In § 10* of the earlier paper it was shown th at Osborne Reynolds's estimate (29) must be regarded as an upper limit to the correct value, i.e. (since it can hardly be exact) as an overestimate. This expectation is realized, since our result (30) is 0*083 % less.
15. Next, giving to p its critical value as recorded in (30), L.F. proceeded to determine (in accordance with § 13) a value of ^4sub for every section in the range of a which is covered by figures 5. Outside th at range new computations were not needed, for the reason that h is sensibly independent of {}.
(On a section where h is constant we have, from (14), q = Aph = constant, X = const., according to (10).
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therefore Consequently (15) and the first of (16) simplify to
as we should expect. Now replacing A by X2lfiv we have from (14)
in which ji, h, fix are known. Consequently q and x can be determined separately from a diagram of the type of figure 4 or (in our particular problem) from the equation
which comes from (10) and (ii). All of this is based upon the simple theory of § § 6-7. B ut no correction comes from the amended theory of § 8, because when ifrx is given by (i) then difijda = 0 and so Fx(fi) = 0.)
Determination of the critical subsonic regime
16.
The resulting ' subsonic ' regime is exhibited in figure 6 , which compares with figures 8-11 of the earlier paper. Results were found to converge rapidly, no more than three cycles of the iterative process being required a t any section. A feature of the solution is the attainm ent of velocities exceeding the speed of sound in a localized region (shaded in figure 6 ) near the walls of the throat section. This has importance in view of a remark by von Karman (1941) : 'It appears th a t in the case of flows th at are partially subsonic, partially supersonic, the existence of continuous velocity fields is one of the questions of basic importance.'
Estimation of fiCTit for the supersonic regime
17.
We turn to the more difficult problem of the supersonic regime, which on our assumptions will be (as in Osborne Reynolds's simple treatm ent) unique. (In prac tice, of course, we must contemplate th at our nozzle discharges into a reservoir maintained at any constant pressure, and a question thus arises as to what happens if this pressure is different from what our unique solution requires. That question, however, arises also in relation to Reynolds's treatm ent,f and it introduces physical considerations with which a computational paper has no concern.) The first point to be noticed is th at yM crlt., determined in the manner of § 14, has a different value according as the velocity is subsonic or supersonic downstream of the throat. The simple treatm ent of § 7, of course, makes the subsonic and supersonic values identical, and a like result (with a slight difference in the numerical value) follows from Reynolds's treatment; but the quantity -?!(/?), which enters into the more exact theory of § 8, is different in the two regimes, and this difference is reflected in the value of yW crlt. Proceeding in the manner of § 14, L.F. obtained supersonic values as recorded in table 3, which compares with table 2 for the subsonic regime. The throat (defined as that ' section ' for which /im&x has its least value) was found to be given by a = 28-73 x 104,
i.e. to be slightly further downstream than before; and the accepted estimate of the critical mass flow was th at given by /halt. = 0-579,58, which is higher by 0-045 % than the subsonic value (30). Determination of the critical supersonic regime
18.
Accepting this value, L.F. proceeded to compute for a ll4 sections ' of figure 5 b the supersonic distributions of \Jf and y, with results which are shown in figure 7. Difficulties were confronted which had not been met in our subsonic computations, in th at the iterative process was found to diverge. There appeared to be a non-zero lower limit to the algebraic sum of the nodal values which lim it was attained, in general, after two cycles of the process: thereafter the sum increased, much in the way th at 'residual forces' increase when normal relaxation methods are employed on eigenwerte problems with an incorrect value for the characteristic number. In our accepted results, nodal values of Fx{{}) were * stable ' (i.e. did not alter in successive stages) to one p art in a thousand of the values of ijf and and these had like accuracy in the sense th a t a change of th a t order made m atters worse. Higher accuracy seemed unattainable, and the impression was gained th a t although the boundary s had been 'smoothed' as far as was practicable, discontinuities remaining in the implied nozzle boundary might be the cause of disturbances, large enough to prevent the finding of an unstable regime.
The subsonic regime appeared to be, in comparison, highly stable. Quite large F^fiYs were manageable, and values of opposite sign on adjacent strips tended to ultim ate 'stability', whereas the opposite was found in the supersonic solution. Our subsonic solution (figure 6) is believed to be accurate within one p art in ten thousand.
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ts-■ aoi Figure 7 . S u p e rs o n ic re g im e in t h e re g io n o f t h e 't h r o a t '.
C o n c l u s i o n 19. Our conclusions are as stated in § 3, with the addition th a t irrotational flow (so far as can be judged from the convergence of our iterative process) is stable from low velocities up to those entailed in our 'limiting subsonic regime', but is unstable (though possible, according to the governing equations) in the unique supersonic regime.
I t may now be said with confidence th a t any shape of nozzle can be treated in two dimensions, and with slight modification our method could be applied to nozzles having axial symmetry. The labour entailed would of course be somewhat greater.
Grateful acknowledgment is made of grants from the Ministry of Aircraft Production and from the Department of Scientific and Industrial Research which permitted, respectively, L. F. to make and Miss Vaisey to assist in the computa tions here described. The frequency of occurrence of cosm ic-ray b u rsts u n d er large thicknesses o f iro n a n d lead h as been investigated as a function o f th e thickness. A definite m a xim u m is fo u n d to o ccur in th e curves for th e sm aller b ursts, its prom inence dim inishing w ith b u rs ts o f increasing size. The dependence o f th e b u rst frequency on th e size o f th e ionization ch am b e r a n d th e proxim ity of th e shielding m aterial to th e cham ber h as also been in v estig ated . T he resu lts suggest th e production of showers o f m esotrons w hich sp read o u t, a n d u ltim a te ly give rise to electron showers originating in w idely sep arated areas in th e m a te ria l above, a n d ro u n d th e sides of, th e ionization cham ber.
It is now well known that the cosmic radiation reaching the earth's surface com prises two main ionizing components, a soft component consisting of fast electrons. and a hard component consisting of mesotrons.
The fast electron component is absorbed in a few centimetres of heavy material as the result of a cascade process in which each fast electron gives rise to a shower of soft electrons. The frequency of showers of a given size rises to a maximum and then falls again as the thickness of the material is increased, giving the familiar 'Rossi curve'. The processes involved have been fairly extensively investigated with various arrangements of coincidence counters, and with ionization chambers which record bursts of ionization produced by showers, and the main features of the observations have been satisfactorily accounted for by the quantum theory (Froman & Stearns 1938) .
The Rossi curve, after an initial fall beyond the maximum, flattens out and then falls off much more slowly, indicating the presence of a harder component, the mesotron component, capable of penetrating several metres of heavy material. The occurrence of large cosmic-ray bursts under great thicknesses of m atter has been ascribed to the following process (Christy & Kusaka 1941) . The mesotrons produce fast electrons, either (a) in head-on collisions with atomic electrons, or (6) through the intermediary of hard quanta produced by retardation of the mesotrons in nuclear collisions ('Bremsstrahlung'), these quanta subsequently giving rise to fast electron pairs. The fast electrons then give rise to showers of slower electrons by cascade.
